Dynamics of electron-trapping materials (ETMs) is investigated. Based on experimental observations, evolution of the ETM's luminescence is mathematically modeled by a nonlinear differential equation. This improved model can predict dynamics of ETM under blue light and near-infrared (NIR) exposures during charging, discharging, simultaneous illumination, and in the equilibrium state. The equilibrium-state luminescence of ETM is used to realize a highly nonlinear optical device with potential applications in nonlinear optical signal processing. Dynamics of electron-trapping materials (ETMs) is investigated. Based on experimental observations, evolution of the ETM's luminescence is mathematically modeled by a nonlinear differential equation. This improved model can predict dynamics of ETM under blue light and near-infrared (NIR) exposures during charging, discharging, simultaneous illumination, and in the equilibrium state. The equilibrium-state luminescence of ETM is used to realize a highly nonlinear optical device with potential applications in nonlinear optical signal processing.
INTRODUCTION
Electron-trapping materials (ETMs) are alkaline-earth sulfides doped with rare-earth luminescence centers [1, 2] . Such a material possesses versatile optical properties, including high resolution and wavelength diversity, which make it attractive for a variety of technical applications [1, 2] . ETM has been employed in the structure of computational machines such as parallel Boolean logic [3] , spatial domain match filtering [4] , associative memory [5] [6] [7] , and adaptive learning [8] , as well as optical data storage [1, 2] , infrared sensors, image intensifiers, and mediumwavelength infrared to visible converters [9, 10] .
The atomic structure and the dynamics of ETM under blue light and near-infrared (NIR) illumination have been known for sometime [11] , and a few approximate models for the optical mechanism of ETM have been presented [12, 13] . The first-order mathematical model that governs the ETM's dynamics was proposed in 1993 [12] . This model contained several restrictions; namely, it assumed the trapped electron density is far from saturation, and the effect of interaction between blue photons and the trapped electrons is negligible. Furthermore, in this model, electron-trapping efficiency was assumed to be independent of the current level of the trapped electron density. With these simplifications, the charging and discharging processes were modeled by linear and exponential functions, respectively.
A modified version of this early model was presented in 1995 [13] that took into account some of the previously neglected effects. In this modified model, the intensity of the ETM's luminescence was a function of the intensity of both the charging blue light and the discharging NIR exposures. Also, the saturation in the density of trapped electrons was considered in the equations. Both charging and discharging processes were exponential. Nevertheless, predictions of the model do not agree well with experimental results.
Extending the utility of ETMs to quantitative applications requires a mathematical model that predicts its unique dynamics precisely. In this paper, we present an improved model that can simulate the evolution of ETM's luminescence during charging and discharging, including simultaneous blue light and NIR exposure, and in the equilibrium state. Predictions of the model agree with experimental observations.
In Section 2 we briefly review the physics and the optical mechanism of ETM. The chain of experiments that led us to the improved model are detailed in Section 3, and the mathematical model is presented in Section 4. Section 5 is devoted to the equilibrium-state luminescence of ETM. We show how the equilibrium state of an ETM can be used to conceive nonlinear optical devices. Concluding remarks are given in Section 6.
DYNAMICS OF ETM UNDER BLUE LIGHT AND NEAR-INFRARED ILLUMINATION
The ETM used in this study is SrS : Eu 2+ ,Sm 3+ , which is basically wide-bandgap strontium sulfides (SrS) doped with two types of selected rare-earth elements, Eu 2+ and Sm 3+ . Fabrication of relatively large-area thin films of this ETM is easy. The atomic structure and the optical mechanism of ETM under simultaneous blue light and NIR exposure are depicted in Fig. 1 3+ and Sm 2+ ions. Blue photons can also provide sufficient energy to kick the electrons from the trap level to the communication level, where they may interact and return to the ground state accompanied by the emission of photons with peak response at Ϸ640 nm (orange light luminescence). However, when the density of trapped electrons is much lower than the density of electrons in the valence band, the probability of interaction between blue photons and electrons of the valence band is higher than having such an interaction with trapped electrons. If blue light illumination persists for a while, a greater number of electrons will be trapped, which increases their chance of interacting with blue photons. As a result, if an ETM with empty trap levels is exposed to blue light illumination, the intensity of the orange light emission will reach the saturation level after a sharp growth. The intensity of orange light emission during blue light exposure can be used as a means of estimating the density of trapped electrons.
When the blue light is removed, the information carried in by the blue light pattern is stored in the ETM as a trapped electron density distribution. If the charged ETM is exposed to uniform NIR light with peak response at Ϸ1310 nm, sufficient energy is provided that the trapped electrons are excited from the ground state of Sm 2+ to the excited state and tunnel back to neighboring Eu 3+ sites. Again, subsequent relaxation from the Eu 3+ excited state to the ground state produces emission of orange light. Under simultaneous illumination of the ETM by constant blue light and NIR exposure, after a transient response, orange emission converges to a constant value that is the equilibrium-state luminescence of the ETM.
Since the mechanism involved is purely electronic, ETMs are fast, possessing nanosecond response times under both blue light and infrared illuminations. They provide long-term storage of information when kept dark and have potential for high-density storage ͑Ͼ100 lp/ mm͒ when fabricated in crystalline thin film form [14] .
EXPERIMENTS
An ordered sequence of experiments has been carried out to verify the dynamics of ETM with the experimental setup illustrated in Fig. 2 . A thin layer of electrontrapping material deposited on a 25 mmϫ 25 mm layer of quartz [15] is exposed to two different sources of light: a bright blue LED and an Exalos 20 mW fiber coupled 1310 nm NIR superluminescence laser diode. A centerhole dark mask is placed on the ETM panel. This mask defines the area of the ETM under illumination in the following experiments. A blue optical filter blocks possible infrared radiation of the blue LED. Drivers of both light sources are precisely controlled by digital-to-analog converters (DACs) of a microcontroller board. An orange optical filter (Semrock LP01-633Rs-25) is placed in front of a cooled avalanche photodiode (APD) module (Hamamatsu CA4777-01) to measure the orange luminescence of the ETM. The output voltage of the APD module is connected to the analog input terminal of the microcontroller's analogto-digital converter (ADC). A center-hole thermoelectric cooler (TEC) is thermally coupled to the quartz substrate. Cooling the ETM decreases the chance of electron-phonon interaction and the self-luminescence of the phosphor. Also, it has been shown that the orange light emission of the ETM increases by decreasing the temperature of the material [16] . Therefore, the TEC improves the signal-tonoise ratio.
In the first experiment, we investigate the charging process of the ETM under blue light illumination. At the beginning, the blue LED is off when the ETM is exposed to the NIR laser, and the APD module measures the intensity of the orange light emission. When the output voltage of the APD reaches a constant predefined value, the microcontroller's DAC turns off the NIR laser and turns on the blue LED with a specified electric current. Next, the microcontroller's ADC digitizes and records the output voltage of the APD for a fraction of a second.
We repeat a similar protocol sequentially with different blue light intensities. Figure 3 displays the charging characteristic curves developed. Three key points should be noted in the study of the results obtained: the initial jump in the intensity of the emitted orange light at the beginning of the blue light illumination, its relatively linear behavior during the initial few milliseconds, and the final saturation.
The existence of different saturation levels can be justified by considering that blue photons have sufficient energy not only to excite the electrons of the valence band and send them to the trap level, but also to detrap some of the trapped electrons. The final saturation represents the equilibrium state of these two opposing processes. The level of saturation is a function of the blue light intensity. This dependency can be approximated by a linear function as shown in Fig. 4 . Although the ETM is primarily erased to the same density of trapped electrons before all the charging periods, each curve has a different initial jump. This observation suggests that under blue light illumination the intensity of orange light luminescence is a function of both the trapped-electron density and the intensity of the incident blue light.
The saturation level of the orange light emission is one of the ETM's critical parameters in the design of nonlinear optical devices (as will be described later) and it needs to be investigated further. From the charging curves of Fig. 3 , it is apparent that the saturation level is a function of the blue light intensity. However, these curves were developed by charging an ETM that was primarily discharged to a constant predefined trapped-electron density. Hence, an unanswered question remains: Does the intensity of orange luminescence reach the same saturation level when the charging process, with constant blue light intensity, starts from different trapped-electron densities?
To answer this question, a series of experiments was performed as follows. First, the precharged ETM is exposed to an intense NIR light while the APD module measures the level of the orange light emission. Next, for a fraction of a second, the partially discharged ETM is illuminated by a constant blue light. Simultaneously, the microcontroller's ADC digitizes and records the intensity of the orange light luminescence. We repeat this experiment with a similar protocol, but in each trial, the NIR light is turned off at different values of the APD output voltage. Thus, the charging process in each trial starts from a different density of trapped electrons. The curves developed in this process are displayed in Fig starting from a lower trapped-electron density. The ETM charges faster when the charging process starts with a higher density of trapped electrons. This observation will be used later in the design of a nonlinear optical device. Figure 6 (a) displays the levels of the initial jumps as a function of the intensity of the blue light when the initial density of the trapped electrons is constant. It is clear that the experimental data can be approximated by a linear function. The graph of Fig. 6(b) illustrates the levels of the initial jumps as a function of the initial trappedelectron density, when the intensity of the incident charging blue light is constant. Again, the experimental data developed can be approximated by a linear function. By investigating the data developed from these experiments, the relation between the intensity of the orange luminescence and the intensity of the charging blue light can be formulated. The intensity of the orange light emission is a linear function of the blue light intensity when the charging process starts from equal initial densities of trapped electrons. The intensity of the orange luminescence is also a linear function of the density of the trapped electrons during the charging process with constant blue light intensity. Consequently, the intensity of the orange light emission during the charging process is proportional to the product of the current value of the trapped-electron density and the intensity of the blue light.
The same experimental setup is used to extract the discharging curves of ETM. We perform this experiment in three sequential steps. First, the ETM is exposed to intense NIR illumination that detraps almost all the trapped electrons. In the second step, the ETM is exposed to a pulse of blue light with a constant intensity and duration. In the third and last step, the ETM panel is illuminated by a constant NIR light while the intensity of the emitted orange light is digitized and recorded. Then, the same protocol is repeated by changing the intensity of the NIR light in the last step of the experiment. The group of curves displayed in Fig. 7 represents the results of the discharging experiment. These curves show that the discharging process has two different phases. During the first phase, which occurs at the initial moment, the intensity of the emitted orange light drops rapidly and the discharging process is even faster than the exponential function. The initial jumps and the slopes of the curves in this figure are functions of the initial density of the trapped electrons and the intensity of the NIR exposure, the higher the initial density of trapped electrons, the steeper the discharging process. During the second phase, the orange light emission decreases slowly and the discharging process is slow. Figure 8 displays the levels of the initial jumps as a function of the discharging NIR light intensity. The experimental results in this graph can be approximated by a linear function. Hence, as with the charging process, the intensity of the orange light emission during discharging is proportional to the product of the intensity of the NIR light and the existing value of the trappedelectron density. Figure 9 illustrates the effect of temperature on the intensity of the orange light emission. In this experiment, the ETM panel is simultaneously exposed to the blue light and the NIR laser, and the equilibrium-state emission of the ETM is recorded under different TEC currents. This experiment elucidates that increasing the current of the TEC (which is equivalent to reducing the temperature of ETM) increases the intensity of the emitted orange light and improves the corresponding signal-to-noise ratio of the APD module output voltage. In practice, by cooling the ETM, detectors with lower sensitivity that are cheaper and available in array formats can be employed. This could become a critical issue during realization of multipixel systems. The temperature dependence of the photoluminescence in the singly doped ETMs (SrS : Em The discharging process has two separable phases. In the first phase, the intensity of the orange light emission drops rapidly after an abrupt jump. During the second phase, the intensity of the orange light emission decreases slowly. 
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MATHEMATICAL MODEL
In this section, the dynamics of the ETM under simultaneous blue light and NIR light illumination is cast in the form of a nonlinear differential equation based on the experimental results discussed in Section 3. Suppose that n͑t͒ represents the temporal density of the trapped electrons as a function of time t. During the charging period when ETM is exposed just to the blue light, the density of the trapped electrons n͑t͒ increases monotonically from the initial density of the trapped electrons n͑0͒ to the saturation density n s where 0 ഛ n͑t͒ ഛ n s . By optimal curve fitting [17] , the charging process can be formulated as
The saturation density of the trapped electrons is a function of the intensity of the incident blue light I B . Following our experimental results (Fig. 4) , the dependency of the n s on the intensity of the charging blue light can be approximated by a linear function such as n s ͑I B ͒ = I B where is a real constant.
During the discharging period when ETM is exposed to the NIR light, the density of the trapped electrons mono- 
Equation (1) 
͑5͒
Similarly, using Eq. (2), the reduction rate of the trappedelectron density during the discharging process is
and by rearranging Eq. (2),
͑7͒
Equations (5) and (7) can be solved for the parameters t s and t s Ј :
Now, Eqs. (4) and (6) can also be rewritten in the forms
The mathematical model for the charging and discharging processes is expressed in Eqs. (10) and (11). By com- 
͑12͒
Equation (12) provides a complete mathematical model for the dynamics of ETM in the form of a nonlinear differential equation.
Section 5 below is dedicated to the study of the equilibrium-state luminescence of ETM, which is the equilibrium state of Eq. (12) ͑dn /dt =0͒:
In these equations, n * and I O * are the trapped-electron density and the intensity of the orange luminescence in the equilibrium state, respectively. For any specified values of the blue light and NIR light intensities, Eq. (13) can be solved for n * by minimizing the error function er f͑n * ͒:
er f͑n
͑15͒
In this equation, ʈ ʈ is the Euclidean norm. If one has the value of n * , the intensity of the orange light emission I O * is computable from Eq. (14) . By this methodology, one can compute the value of I O for a wide range of values of I B and I NIR and prepare a diagram like the one shown in Fig.  10 . In this two-dimensional diagram, which is called the equilibrium-state plane (ESP) of the ETM, the contours of constant orange light emission intensity are plotted as a function of the blue light and NIR light intensity for a reasonable range of variables on each axis. The numbers on the contours are the output voltages of the photodetec-
tor that measures the intensity of the orange luminescence. In Section 5, we will use this diagram as a graphic tool to design highly nonlinear optical devices.
EQUILIBRIUM-STATE LUMINESCENCE
The significance of the equilibrium-state luminescence of ETM for applications in optical signal processing becomes clear by an example. Consider the simple optical arrangement displayed in Fig. 11(a) . A photodetector measures the intensity of the light emitted from a light source and passed through a passive optical device. Usually, the output voltage of the photodetector is a linear function of the intensity of illumination. However, in many applications (e.g., optical realization of one-dimensional maps in nonlinear dynamics) we require a nonlinear behavior such as the desired curve depicted in Fig. 11(b) . Here, the intensity of the detected light increases at first and decreases when we pass a maximum point. To our knowledge such an optical component is not available. In this section we show that the equilibrium-state luminescence of ETM can be controlled to exhibit such a nonlinear behavior. Based on the experimental results and the developed mathematical model, we then present an improved approach for realization and design of such nonlinear optical devices.
The behavior of ETM in the equilibrium state can be predicted by using the ESP diagram that was introduced in Section 4. We highlight the subtle utility of the ESP diagram by investigating four sample points, S, 1, 2, and 3, in Fig. 10 . Point S corresponds to the ETM panel being exposed simultaneously to blue and NIR light with the ETM in the equilibrium state. The intensity of the incident blue light and the NIR exposure are 50 W and 4.35 mW, respectively. The output voltage of the photodetector that measures the intensity of the orange light luminescence is Ϸ1.8 V. Now, consider the case when the intensity of the blue light is increased from 50 W to 60 W, and in three succeeding steps, the intensity of the NIR light is changed to Fig. 13(a) . The area changes from A =3 mm 2 to 16ϫ A.
4 mW, 3.2 mW, and 2.6 mW. These new states are the points 1, 2, and 3, respectively, in Fig. 10 . The output voltages of the photodetector at these three points are 2.1, 1.8, and 1.5 V for points 1, 2, and 3, respectively. As a result, by increasing the intensity of the blue light from point S to points 1, 2, and 3, depending on the intensity of the NIR illumination, the intensity of the orange luminescence increases, remains the same, or decreases, respectively. Further investigation reveals that the intensity of the emitted orange light monotonically increases along the line S → 1 and decreases along the line S → 3. We have recently shown that this kind of behavior can be used to model the excitatory and inhibitory responses of the neurons in optical realization of bio-inspired artificial neural networks [18, 19] . Now consider the special case where the blue and NIR light sources are linearly coupled. The linear coupling of two light sources can be formulated by the equation
where , , and are real numbers. These variables are the key parameters in the design of the nonlinear optical device. In this paper, the line expressed by Eq. (16) is called the linear-coupling line (LCL). In the particular case where the light sources are coupled linearly, the optical device user can change the intensity of only one of the light sources. For instance, in this paper, the blue light source is the master source, and the NIR light source traces the blue light source through Eq. (16) . When the two light sources are linearly coupled, those orange light emission intensities along the corresponding LCL only are achievable. Two sample LCLs and their dynamic ranges over the horizontal axis are illustrated in Fig. 12(a) . The intensity of the emitted orange light changes nonlinearly along these two lines as shown in Fig. 12(b) . A variety of nonlinear curves are achievable by changing the slope and the location of a LCL in the ESP. For instance, the termination points of the first LCL in Fig. 12(a) are located on the two different constant voltage contours. Therefore, the intensities of the emitted orange light are different at these points. The second LCL has a different slope and dynamic range, and the corresponding nonlinear curve is quite different from the nonlinear curve of the first LCL; however, the termination points are both on the same contour. Therefore, the corresponding nonlinear orange light emission curve has equal intensities at the terminating points and the nonlinear curve is more symmetric.
These types of LCLs are suitable for the optical generation of nonlinear one-dimensional maps. Figure 13 (a) displays two different LCLs with the same dynamic range. The corresponding nonlinear curves are illustrated in Fig.  13(b) . In spite of similar dynamic ranges, these LCLs have different slopes and termination points. Hence, the corresponding nonlinear curves are different. A subtle difference between these two nonlinear curves is the speed of computation on these two LCLs. It should be remembered that all these curves are achievable in the equilibrium state of the ETM, which means that each time the intensities of the blue light and the NIR light are set, the user should wait for the equilibrium state to occur. The equilibrium is reached sooner for higher intensities of the blue and NIR light and larger density of the trapped electrons. The ETM reaches the equilibrium state faster along the second LCL of Fig. 13(a) than along the first LCL. Meanwhile, the intensity of orange luminescence is higher along the first LCL compared with the second one and the detected signal has a larger signal-to-noise ratio. Now consider the case depicted in Fig. 14(a) . In this figure, three parallel LCLs are shown in the ESP of the ETM. The corresponding orange light emission curves along these LCLs are shown in Fig. 14(b) . The termination points of these three LCLs are placed on the same contour that represents the photodetector output voltage of Ϸ700 mV. These three LCLs are parallel to each other. Therefore, the parameters and in Eq. (16) are fixed, and the parameter is the only variable. In nonlineardynamic applications, can play the role of the bifurcation parameter. By normalizing the dynamic ranges of these lines, the developed nonlinear curves will look like the curves that are used in the generation of a onedimensional map such as the logistic map in [20] . We should mention that the quasi-linear behavior can also be In order to verify the above formulations an experiment was carried out using the optical setup of Fig. 2 . We chose the following LCLs and measured the intensity of the orange luminescence in the equilibrium state along each line: The results are shown in Fig. 16 . In all these experiments, the surface of the ETM panel is covered by a dark optical mask with a small aperture. Thus, the area of the ETM under illumination is fixed. On the other hand, one can effectively take advantage of the area as a parameter in the design of the nonlinear optical device. For a constant blue and NIR light illumination, the level of the orange light emission changes linearly as a function of the area of the ETM under illumination. Figure 17 shows the nonlinear curves developed by changing the illuminating area for the third LCL in Fig. 14(a) . We can use these curves for the optical production of the one-dimensional maps without any normalization.
One can easily change the area of ETM under illumination by using a spatial light modulator such as the Texas Instruments digital micromirror device (DMD) [21] . A sample optical setup is depicted in Fig. 18 . A DMD chip is a two-dimensional array of bistable programmable micromirrors. Two DMD modules in the setup provide the blue light and the NIR illuminations by reflecting the beam of two powerful light sources. By changing the number of mirrors, whose reflections expose the surface of the ETM, the illuminating area can be changed. DMDs are fast enough to adjust the area every few milliseconds, which is shorter than the few hundred milliseconds required for an ETM to reach the equilibrium state.
CONCLUSION
We have introduced an improved mathematical model that governs the dynamics of ETMs under blue light and near-infrared illumination. The model describes the evolution of an ETM's luminescence during charging, discharging, simultaneous illumination, and in the equilibrium state. This model, which is established based on the experimental results and takes into account some of the previously neglected effects, can improve the applicability of the ETM's unique dynamics, particularly in quantitative applications such as optical signal processing. We have also studied the nonlinear response of ETMs in the equilibrium state. This nonlinear response has potential applications in nonlinear optical signal processing and optical implementation of one-dimensional maps. There are occasions where collective processing in multiple onedimensional maps needs to be considered. An obvious example of these applications are networks of onedimensional maps [22] [23] [24] . The parallel computation carried out by such networks can be realized in a thin film of this storage phosphor addressed suitably employing DMD technology. Consequently, our mathematical model would be an important tool for effective use of an ETM's dynamics. 
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